JOURNAL OF NATURAL RESOURCES AND FARMING
https://doi.org/10.7770/jonraf-v2-art2905

Farming

JJONRAF

SPECIAL ISSUE

Proportional

discrete Fourier analysis of WaPOR actual

evapotranspiration and interception over cropland in Comayagua,

Honduras

Carlos M. Cruz—Rodasa’D Marlon M. Lo’pez—FloresD William Campillay—Llanosc’D

Master’s Program in Mathematics, National Autonomous University of Honduras, Tegucigalpa®, Honduras

Artificial Intelligence, Robotics and Cybernetics Laboratory (LIARC), Military Institute of Engineering (IME-R]), Rio de Janeiro®, Brazil
Department of Mathematical and Physical Sciences, Catholic University of Temuco, Temuco®, Chile

Research Center for Food Production, Catholic University of Temuco, Temuco®, Chile

Article history
Received: 10/02/2026
Accepted: 20/07/2026
Published: 22/09/2026

Corresponding author
*Carlos M. Cruz-Rodas
carlos.cruz@unah.edu.hn

ABSTRACT

Purpose: Positive agronomic variables are often interpreted using ratios and relative seasonal contrasts. This study
examines whether annual seasonality remains dominant when WaPOR actual evapotranspiration and interception (AETI)
is centered proportionally rather than additively. Methods: A monthly series was extracted for January 2018-December
2025 from cropland-screened WaPOR version 3 Level 1 cells within Comayagua, Honduras. The screen combined the Food
and Agriculture Organization (FAO) Global Administrative Unit Layers (GAUL) 2015 first-level boundary with European
Space Agency (ESA) WorldCover 2021 class 40. For each month, dekadal values were averaged with equal weight within
each cell, after which the spatial median was calculated across 1,094 valid WaPOR cells. A representative proportional
spectrum was computed as the unitary discrete Fourier transform of the centered logarithmic series and compared with the
transform of the centered original series. Results: All 96 monthly observations were strictly positive. The geometric mean was
2.4571mmday. Thedominantproportional coefficientoccurredatk=8,theannualbin, with; thesemiannual coefficientwas A (16)
=0.5252.Thesebinsaccounted for72.41%and 10.88% of one-sided proportional power. Thedirect spectrum wasalso dominated by
k = 8. Conclusions: Proportional spectral analysis provides a unit-invariant characterization of relative AETI variability. It does
not represent a different Fourier algorithm, but it distinguishes multiplicative deviations from absolute water-flux amplitudes.
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1. Introduction

Actual evapotranspiration is central to crop-water
assessment because it links atmospheric demand, vegetation
response, and water consumption (Allen et al. 1998). Many
related natural-resource variables are strictly positive and are
interpreted through ratios, elasticities, or percentage changes.
For such variables, the same absolute change can have
different meanings at different baselines. A relative spectral
interpretation may therefore complement the conventional
spectrum when the comparison concerns seasonal contrast
rather than absolute water flux.

Classical Fourier analysis detects periodic structure by
decomposing additive variation. If a process is naturally
described by multiplicative fluctuations, analyzing the
original scale can mix the baseline magnitude with relative
oscillations. Taking logarithms converts ratios into differences,
but proportional arithmetic gives this operation a structural
interpretation: proportional addition is multiplication and
proportional subtraction is division. This framework belongs
to the broader family of non-Newtonian and non-Diophantine
arithmetics transported through bijections (Grossman and
Katz 1972; Burgin and Czachor 2020; Czachor 2020). Its
positive-real realization is connected with multiplicative
and proportional calculus (Bashirov et al. 2008; Pinto et al.
2020; Campillay-Llanos et al. 2021). It is also related, but not
identical, to Mellin analysis on the multiplicative half-line
(Butzer and Jansche 1997; Folland 1995).

Thisdistinction should be stated carefully. The computation
developed below is an ordinary discrete Fourier transform

JOURNAL OF NATURAL RESOURCES AND FARMING

in logarithmic representative coordinates. The proportional
contribution lies in the transported arithmetic, geometric
centering, scale invariance, and coeflicient interpretation. It is
not an unrelated fast transform and does not replace Fourier
or Mellin analysis.

The empirical application uses the Food and Agriculture
Organization (FAO) WaPOR version 3 Level 1 AETI product.
Each pixel represents average daily actual evapotranspiration
and interception over a dekad, with a 0.1 scale factor and a
nominal pixel size of approximately 248 m (FAO 2018, 2025;
FAO WaPOR 2026). WaPOR products have been evaluated
as operational evapotranspiration sources, although product-
level validation does not replace local field validation
(Blatchford et al. 2020). To avoid an arbitrary rectangular
window, the present study screens WaPOR cells using
European Space Agency (ESA) WorldCover 2021 cropland
class 40 inside the FAO Global Administrative Unit Layers
(GAUL) 2015 Comayagua boundary (FAO GAUL 2026; ESA
WorldCover Consortium 2026; Zanaga et al. 2022).

The research question addressed in this study is whether
annual seasonality dominates both relative and absolute
variability in the resulting positive AETT series. The objective
is to define a rigorous representative proportional DFT, apply
it to the public Comayagua series, and compare annual and
semiannual components with the direct DFT under the same
unitary normalization.
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2. Materials and Methods
2.1 Proportional centering and representative DFT

Let Ry = (0,00) and let the logarithmic representative be

Ry(z) =Inzx. (1)

Transporting ordinary addition and subtraction through
R, gives

T Dy =y,
)

The proportional zero is 1. For a positive series
x = (x, ..., X ,) € RY, its proportional mean is the geometric
mean

x
roy=—
Yy

zp = gm(z) = exp ( Z lnwm> ,

3)
and proportional centering is
_ Tn
Ty =Tn Oy =—.
T g, (4)
Hence
1 N-1
Un = Rp(xy) =Inz, — — Z In 2.
m 0 (5)

To compute the spectral coefficients, let C_be the formal
proportional copy of C and extend R componentwise from
C, to C. The proportional DFT is then defined through this
classical complex representative. With unitary normalization,

1= kn
Rp((Dpx)i) = Gk = \/7 Zynexp 72mﬁ , k=0,...,N—1.

All numerical coefficients reported in this paper are

representative coefficients J,. Their amplitude and power are

Ap(k) =1Gkl,  Po(k) = [Ti]*. )

Since the normalization in equation (6) is unitary,
Parseval’s identity holds in representative coordinates:

N-1 N-1
Yo 1wl = 1ol
n=0 k=0 (8)

For the real series analyzed here, the one-sided power
share is

P,(k
Sy (k) = N/g# 1<k < N/2
X1 Bo(d) )
For comparison, the direct coefficients are
kn ~
Z — T)exp —2mﬁ , Aq(k) = |2k 10)

The direct amplitude has the units of AETI, whereas Ap(k)
is the amplitude of a dimensionless log-ratio representative.

If z = cx for ¢ > 0, then centering eliminates In ¢, and
therefore

Ar(k) = Ap(k),  Bi(k)=Pi(k).

p p
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Thus, the representative proportional spectrum is invariant
under positive unit rescaling. For monthly observations, the
period associated with index k # 0 is

N
T = i months.

(12)
With N = 96, annual and semiannual cycles occur exactly
atk=8and k = 16.

2.2 Study region and geospatial data

The study region was the first-level administrative unit of
Comayagua, Honduras, from the FAO Global Administrative
Unit Layers (GAUL) 2015 dataset. Cropland screening used
ESA WorldCover 2021 v200 class 40 at 10 m resolution (FAO
GAUL 2026; ESA WorldCover Consortium 2026; Zanaga
et al. 2022). The screening layer corresponds to a publicly
available land-cover classification rather than a field-validated
crop inventory, an irrigation-district boundary, or a crop-
specific map.

AETIwas obtained from the public Earth Engine collection
FAO/WAPOR/3/L1_AETI_D, band L1-AETI-D, for January
2018-December 2025. Catalog values were multiplied by 0.1.
The WorldCover mask was evaluated on the WaPOR analysis
grid at 250 m. Google Earth Engine uses nearest-neighbor
resampling by default during reprojection; consequently, the
resulting 1,094 valid cells are cropland-screened WaPOR cells
rather than fractional cropland-area estimates (Google Earth
Engine 2026). Figure 1 was prepared in QGIS 3.34.12 from
the supplied GAUL, WorldCover, and OpenStreetMap layers
(OpenStreetMap contributors 2026).

2.3 Monthly aggregation and reproducible spectral workflow

Let s, be the scaled WaPOR daily-rate value for dekad
d and WaPOR cell j. For month n, the archived series was
defined as

1
ol 2 ")

nl deM, (13)

T, = median;jeq

where M, contains the available dekadal images in month 7
and Q is the cropland-screened set. Thus, each dekad received
equal weight, and the spatial median was then calculated.
The median reduces sensitivity to isolated cell anomalies.
Only finite, strictly positive monthly values were retained.
The archived table contained all 96 consecutive months, with
1,094 valid cells included in every monthly reduction.

Equal-dekad averaging is the estimand analyzed here.
Because the final dekad contains 8-11 days depending on
month, it is not identical to a day-weighted monthly daily
rate. The supplementary Earth Engine script therefore exports
both equal-dekad and day-weighted variants for sensitivity
analysis. This distinction is reported explicitly as a limitation.

3. Results

The 96 monthly AETT observations ranged from 1.2333 to
3.5000 mm day. The arithmetic mean was 2.5201 mm day
and the proportional mean was 2.4571 mm day. Figure 2
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Figure 1.

Study region and spatial screening used for the WaPOR extraction. Brown areas show ESA WorldCover 2021 class-40 cropland
pixels within the red Comayagua boundary; black lines indicate first-level administrative boundaries. The inset shows the location
of Comayagua within Honduras. Basemap: OpenStreetMap contributors; administrative boundary: FAO GAUL 2015; cropland
class: ESA WorldCover 2021.
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Figure 2.

Monthly WaPOR AETTI over cropland-screened cells in Comayagua. Panel (a) shows AETI and the geometric-mean baseline.
Panel (b) shows proportional centering as x, /% ; the dashed line marks the proportional zero at 1.
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Figure 3.

One-sided discrete Fourier amplitudes. Panel (a) shows the representative proportional amplitude A (k) of the centered logarithmic
series. Panel (b) shows the direct amplitude A (k) of the centered original series. Dashed and dotted lines mark the annual

(k = 8) and semiannual (k = 16) bins.
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Table I

20 30
Frequency index k

Empirical quantities for the proportional and direct WaPOR AETI spectra

40 50

Quantity Value Interpretation

Analysis window 2018-01-2025-12 Eight complete calendar years
Valid observations N=96 Consecutive monthly series
Valid cropland-screened cells 1,094 Constant monthly count

Arithmetic mean AETI

Geometric mean AETI

Dominant proportional index
Annual proportional amplitude
Annual proportional power share
Semiannual proportional amplitude
Semiannual proportional power share
Annual direct amplitude

Semiannual direct amplitude

2.5201 mm day*

2.4571 mm day’

k=8

A(8)=13549

72.41%

A(16) = 05252

10.88%

A(8) =3.2929 mm day
A(16) = 1.2139 mm day™"

Ordinary baseline

Proportional baseline
12-month relative component
Log-ratio representative
One-sided nonzero power
6-month relative component
One-sided nonzero power
Absolute-amplitude component

Absolute-amplitude component
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shows the original series and the centered ratio x /x . Ratios
greater than 1 indicate months above the geometric gaseline;
ratios below 1 represent months below it.

The dominant representative proportional amplitude
occurred at k = 8, corresponding to 12 months. The annual
amplitude was A (8) = 1.3549 and the semiannual amplitude
was AP(16) = 0.5252. Their one-sided power shares were
72.41% and 10.88%, respectively. The direct spectrum was
also dominated by k = 8, with A (8) = 3.2929 mm day™' and
Ad(16) = 1.2139 mm day'. The corresponding direct power
shares were 74.88% and 10.18% (Table I, Fig. 3).

4. Discussion

The dominance of the same index in both spectra indicates
strong annual seasonality in both relative and absolute terms
for the extracted series. The interpretation differs, however.
The direct coefficient measures absolute AETI variation,
while the proportional coefficient measures oscillation of the
log ratio around the geometric baseline. Scale invariance in
equation (11) makes the latter suitable for comparisons under
equivalent positive unit changes or multiplicative calibration
factors.

These results are descriptive rather than causal. The
annual peak alone cannot distinguish among rainfall
seasonality, irrigation, crop calendars, phenology, and land-
cover classification error. Similarly, the semiannual peak is a
secondary spectral feature, not evidence of a specific double-
cropping mechanism. Independent evaluations support
the operational use of WaPOR products but also document
product uncertainty; therefore, they do not validate the local
mask or monthly aggregation used here (Blatchford et al.
2020).

Four limitations constrain the scope of this conclusion.
First, a static 2021 land-cover class was applied across 2018—
2025 and does not capture crop rotation or land-cover change.
Second, nearest-neighbor screening on the coarser WaPOR
grid does not estimate fractional cropland coverage and
includes mixed cells. Third, equal-dekad monthly averaging
differs slightly from day-weighted averaging in months with
a shorter or longer final dekad. Fourth, DFT amplitudes
depend on record length and normalization; cross-region
amplitude comparisons should use a common N or compare
normalized power shares. These limitations do not alter the
arithmetic correspondence, but they restrict the agronomic
generalizability of the findings.

5. Conclusions

The representative proportional DFT provides a coherent
spectral interpretation for strictly positive agronomic series
when the target is relative rather than absolute variability. It is
obtained by dividing observations by their geometric mean,
applying the logarithmic representative, and computing
the ordinary unitary DFT. The calculation is therefore
reproducible with standard Fourier routines, while the
proportional interpretation remains explicit.

For the 96-month WaPOR AETI series over cropland-
screened cells in Comayagua, the annual bin k = 8 dominated
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both the proportional and direct spectra. The proportional
annual amplitude was 1.3549, accounting for 72.41% of one-
sided proportional power, while the semiannual component
was weaker. This finding supports the specific conclusion that
annual relative seasonality dominates the analyzed public-
data series.

The method is not a replacement for classical Fourier
or Mellin analysis and does not establish crop-specific
water requirements. Its practical value lies in distinguishing
multiplicative seasonal contrast from absolute AETI
amplitude. Field-validated crop boundaries, day-weighted
monthly sensitivity analyses, precipitation and irrigation data,
and crop calendars are needed before the results can inform
management or policy decisions.
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